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Abstract. We consider natural algebraic differential operations 
acting on geometric quantities over smooth manifolds. We intro- 
duce a method of study and classification of such operations, called 
IT-reduction. It reduces the study of natural operations to the 
study of polynomial maps between (vector) spaces of jets which 
are equivariant with respect to certain algebraic groups. Using 
the IT-reduction, we obtain short and conceptual proofs of some 
known results on the classification of certain natural operations 
(the Schouten theorem, etc) together with new results including 
the non-existence of a universal deformation quantization on Pois- 
son manifolds. 



Introduction 

In differential geometry, there are many nontrivial formulae and the- 
orems based on local calculations. Typical examples are: the Bianchi 
identities, the Gilkey theorem |Gilj . the Weitzenbock formula |Be[ 
Ch. 1, I]. Such theorems and formulae of purely local nature lie in the 
basis of differential geometry. Moreover, it often happens that a dis- 
covery of some local formula allows to solve an important problem. For 
example, the Gilkey theorem led to a new proof of the index theorem 
ABP], |Gi2j . Thus it is tempting to look for a universal approach to 
local problems of differential geometry. 

One of possible approaches, called formal geometry, was suggested 
by I. M. Gelfand and D. A. Kazhdan in 1971 |GKj . Approximately 
at the same time, E. B. Vinberg observed that using simple arguments 
from the representation theory of algebraic groups and invariant theory 
makes local calculations in differential geometry much easier and more 
intelligible. (This was one of initial motivations for the study of in- 
variant theory at the Moscow school of invariant theory leaded by Vin- 
berg.) This approach reduces local problems of differential geometry to 
problems in the invariant theory of finite- dimensional representations 
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of linear algebraic groups. We call it the invariant-theoretic reduction 
{IT -reduction) . 

A simplified version of the IT-reduction method is exposed in |Kaj . 
In this paper we introduce this method in maximal generality which 
is necessary for applications. The idea of local study of geometric 
quantities and natural differential operations between them by consid- 
ering jet spaces and the actions of coordinate transformations on them 
was exploited by many researchers, see e.g. the monograph KMS . 
We develop an instrumental approach concentrating on effective rep- 
resentation- and invariant-theoretic methods for solving concrete local 
problems of differential geometry. For instance, in [KMSj the concept 



of natural operations is developed in very general context and much 
effort is put on proving that certain natural operations are of finite 
order, using Peetre-type theorems, while we impose the finite order 
assumption from the very beginning and consider mainly differential 
operations given by algebraic formula? believing that this case is most 
interesting and essential in applications. We illustrate the IT-reduction 
method by solving several local problems. Some of them were previ- 
ously solved by other authors using ad hoc methods, and other results 
are new. 

Now we briefly describe the content of the paper. 

In §l\ we introduce basic notions of geometric objects and quanti- 
ties, natural bundles and differential operations. Essentially, geometric 
quantities (e.g. tensor fields) are sections of fibre bundles associated 
with coframe bundles and natural differential operations act on geomet- 
ric quantities by universal differential formulas that are invariant under 
coordinate transformations. Morally, such operations, like exterior dif- 
ferential or the curvature of a Riemannian metric, should have intrinsic 
"physical meaning" since they do not depend on a chosen frame of ref- 
erence. In this section, we explain the IT-reduction method. Also, 
we recall some basic facts from the representation theory of classical 
groups, which are used in computations. 

Then we concentrate on polynomial natural differential operations 
acting on tensor fields. Starting with some simple reductions and gen- 
eral finiteness results in £0 we derive in ^21 the classification of natural 
linear differential operations, which goes back to Schouten. In £0] we 
use the IT-reduction to extend this result to manifolds with additional 
symplectic structure, cf . |Ruj . This requires an extension of the notion 
of a natural differential operation to manifolds equipped with an ad- 
ditional structure, see 14.11 Finally, we prove in ^3 that there exists no 
universal formula for deformation quantization on Poisson manifolds 
which is invariant under coordinate transformations. 



Convention. In formulae of tensor calculus, we systematically use the 
Einstein summation rule, i.e., assume by default the summation in each 
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pair of coinciding upper and lower indices which run from 1 up to the 
dimension of a manifold. 

1. Preliminaries 

We work over smooth real or complex manifolds. However our con- 
siderations will be purely algebraic and the ground field K will not play 
any essential role. So we consider smooth K-manifolds making no dis- 
tinction between the cases K = R (differential geometry) and IK = C 
(complex analytic geometry). 

1.1. Geometric quantities. The concept of a geometric quantity goes 
back to Riemann, see |AVT4 Ch. 6, §1]. Loosely speaking, a geometric 
quantity is a scalar value or a tuple of scalars associated with each 
point of a manifold in a way depending on chosen local coordinates 
which transforms under a coordinate change in a regular way depend- 
ing only on initial values and partial derivatives, up to a certain order, 
of new coordinates with respect to old ones. Natural examples are ten- 
sor fields (order 1) and connections (order 2). A rigorous definition of 
a geometric quantity can be given in several ways. 

The classical analytic definition sounds as follows. Let M be a man- 
ifold of dimension n. A geometric quantity is a function f a = f a (x a ) of 
local coordinates x a = (x^, . . . , x™) on M which takes values in a space 
(vector space or, more generally, manifold) F and transforms under a 
coordinate change x a — > Xp in the following way: 

( S dlx ? 1 

(1) f "~®\\d(xiyi...d(x^j 1 ^ fa 

\ h + - + ln=l 

where $ is a differentiable map. In other words, fp depends only on f a 
and on the fc-jet J k gp a of the coordinate transformation xp = gp a (x a ). 

In order to reformulate this definition in modern terms, consider the 
group GL^ of fc-jets of local diffeomorphisms W 1 — > W 1 at 0. Elements 
of GL^ are represented in the form: 

x ^ g( x ) = gi(x) + g 2 (x,x) H \- 9k(x, ...,x), 

x = {x\...,x n ), g\ G S'(K n )* ® K n (I — 1, ... ,k), det gi ^0. 

GL^ is a linear algebraic group isomorphic to the automorphism group 
of the truncated polynomial algebra 

4 k) = K[x 1 ,...,x n ]/(x 1 ,...,x n ) k+1 . 

Its unipotent radical NGL^ is defined by the equation gi(x) = x and 
the subgroup GL n of linear transformations is a Levi subgroup. 

The Lie algebra gl^ of GL^ is identified with the space of polyno- 
mial vector fields of degree ^ k vanishing at 0, which are represented 
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by polynomial maps x i— > g(x) as above, but without the restriction 
det gi^O- The Lie algebra ngl^ of NGL^ is distinguished by gi = 0. 

It is easy to see that the map $ : GL^ x F — > F in (JTJ) defines 
an action of GL^ on F. In most applications, F is a vector or affine 
space, or an open subset in such a space, and the action GL^ : F is a 
rational linear or affine representation. 

This consideration leads to a geometric reformulation of the above 
analytic definition of geometric quantities. 

Let Fr fc (M) denote the coframe bundle of order k on M [AVL, Ch. 6, 
1.2]. The fibre of Fr fc (M) — > M over z G M consists of coframes of 
order k at z, i.e., fc-jets of coordinate systems x = (x 1 , . . . ,x n ) in a 
neighborhood of z with x(z) = 0. Fr fc (M) is a principal bundle with 
respect to the natural action of GL^. Instead of coframes, one may 
consider frames of order k, which are fc-jets of inverse coordinate maps 
sending a neighborhood of G K n onto a neighborhood of z G M. 
Frames of order 1 are determined by fixing a basis of T Z M ( = the image 
of the standard basis of TqW 1 = K"), i.e., a usual frame on M. The 
bundles of frames and coframes of order k are canonically isomorphic. 

Geometric definition. Suppose that F is a manifold equipped with 
a different iable action of GL^. The associated fibre bundle 

T = Fr fc (M) x GL » J F := (Fr fc (M) x F)/GL^ 

is said to be the space of geometric objects of type F on M. If the action 
GL^ : F is not reduced to the action of the quotient group GL^" 1 -*, 
then we say that geometric objects of type F have order k. 

Spaces of geometric objects are also called natural bundles. 

A geometric quantity of type F is a section of the natural bundle 
T — ► M = Fr fc (M)/GL^ c - ) . The set of geometric quantities is denoted 

b y r(^) = r(M,^). 

Example 1. Let F = (K") 0p ® (K n *)® q , with the natural linear action 
of GL„ = GL.Ij 1 ''. Then JF = T p,q is the tensor bundle of type (p, q). 

Generally, every natural vector bundle T of order 1, with an addi- 
tional requirement that the representation GL n : F be rational, embeds 
as a subbundle into a product of T p,<?, s. For this reason, we call such 
T tensor bundles. 

Example 2 f fAVLl Ch. 6, §4]). The /-jets of local sections of T -> M 
form the l-jet bundle J 7 ^ 1 ' of order k + I. Every section / : M — > T 
defines a section J l f : M — > J 7 ® whose value at z G M is the /-jet 
J l J of / at z. The action of GL$ +l) on the typical fibre F® of J 7 ^ is 
derived from the transition rule for local coordinate presentations of a 
section of T . It is given by the formula 

(2) J k Q +l g ■ Jlf = 4 (j k 9 -^)9 ■ f(g-\x))) , 
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for every local diffeomorphism g of K n with g(0) = and local section 
/ of K n xF-> K n defined in a neighborhood of 0. 

If F is a vector space, then F w = jl°<g>F. {Caution: the GL^ +/) -ac- 
tion on is not given by the tensor product of linear representations.) 

For the sequel, we need a more explicit description of how jets of 
diffeomorphisms act on jets of tensor fields. 

Lemma 1. Let R : GL n — > GL(F) be a rational representation and p : 
gl n — > Ql(F) the corresponding Lie algebra representation. The natural 
actions 

GL (*+i) . F (k) and gl (k+D . F (k) 

are given by the formula: 

(9 ■ f)(x) = R (f^l ■ gi (g-\x), . . . , g-\x), ■) j f(9-\x)), 
fc+i fc 

■ f)(x) = 1 ■ p(^ x > ■ ■ ■ > x > ■))/(*) - E z • • • • ^ > 
«=i ;=i 

VgeGLl k+1 \ te Q i k+1 \ feF 

Here gi,& G S'K n * ® K 71 and // G S'lK n * <g> F are the homogeneous 
components of g,£,f, and the r.h.s. are interpreted as follows. The 
arguments of R, p are polynomial functions in x taking values in GL n , 
resp. in gl n , at x from a neighborhood of 0. The r.h.s. are expanded in 
Taylor series in x and truncated from the order k + 1. 

Corollary. 

fc+i 

(3) (f •/)* = £ ® - (k + 1 - 0<r(£i ® /fc+i-/), 

z=i 

wnere 7, a : S'K™* <g> K n ® S fc+1 ^K™* ® F -> S k K n * <g> F are Zmear maps 
defined as follows. To compute 7, consider S'K™* ®K n as a subspace of 
gi-ijgn* app/y g[„ to F via p, and conclude by the multiplication 

S'- 1 K n *<8>S A!+1 -'K n * -> S fc K n *. TTie map a zs tae contraction ofK n with 
S k+i-i K n* f u owe( i ^ t h e multiplication S l K n * ® S fc ^K n * -> S fc K n *. 

The proof is a straightforward calculation based on (J2J) . 

Note that the space of geometric objects of given type is naturally 
defined over any n-dimensional manifold. This observation leads to a 
reformulation of the definition of geometric objects in the categorical 
language |PT| . 

Let M.an n denote the category of n-dimensional manifolds where 
the morphisms are open embeddings. Let Tib n denote the category 
of fibre bundles over n-dimensional manifolds, the morphisms being 
differentiable maps of bundles covering the morphisms of their bases 
in M.an n . 
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Categorical definition. A type of geometric objects is a functor J : 
M.an n Tib n such that $(M) is a bundle over M for any n-di- 
mensional manifold M and $(M') is the restriction of S'(M) for any 
open submanifold M' C M, the morphism $(M') — > §"(M) induced by 
M' c — > M being the inclusion. 

It is easy to see that all T = $(M) have one and the same typical 
fibre F. Every local diffeomorphism gp a : U a —>■ Up between two 
sufficiently small neighborhoods of G IK n with g/3 a (0) = induces 
a diffeomorphism $(gp a ) : ${U a ) ~ C/ a x F -> ~ Up x F. 

These $(gp a ) are compatible with shrinking of {7 a , and thus induce 
transformations of F ( = the fibre at 0) depending only on the germs 
of gp a at 0. Palais and Chuu-Lian Terng |PTj proved that in fact these 
transformations of F depend only on J k gp a for sufficiently large k. This 

yields an action GL^ : F and isomorphism $(M) ~ Fr fc (M) x GL " k) F. 

1.2. Differential operations. Differential operations act on geomet- 
ric quantities. Given two natural bundles V, W — > M, a differential 
operation D from V to W transforms (local) sections of V into those of 
W according to a formula of the following kind, in local coordinates: 



where S p are differentiable functions (p = 1, . . . , dim W), V, W are typ- 
ical fibres of V, W, and dj = d/dx^ (j = 1, . . . ,n). 

In other words, a differential operation of order ^ k is a map D : 
r(V) — > r(W) induced by a morphism V^* 1 — > W (denoted by the 
same letter) so that Du(z) = D(J*v), Vy G T(V), z G M [%VT1 Ch. 6, 
4.6]. (The order is exactly k ii D does not factor through the canonical 
projection — > V (fc_1 ^.) 

Remark. D produces a series of differential operations y( fc+ ') — > 
(denoted by the same letter) in an obvious way. 

Definition 1. Suppose that V, W are open invariant subsets in vector 
or affine spaces equipped with rational representations of some GL^. 
A differential operation D : — > W is algebraic if the maps of 
fibres S x : W fc ) -> W are algebraic morphisms of bounded degree. In 
other words, 5 P in (J3J) are rational functions in i> 9 , c?] 1 - ■ whose 
coefficients are differentiable functions in x, denominators depend only 
on v q , and the degrees of numerators are bounded on M. 

Remark. One may extend Definition Q replacing typical fibres V, W by 
more general algebraic varieties with algebraic GL^-actions. However 
our formulation is sufficient for many applications. 

We focus our attention at algebraic differential operations as the 
most customary case. 
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Algebraic differential operations may be regarded as geometric ob- 
jects, too. In the simplest case where V, W are vector spaces, all S x are 
polynomial maps of degree < d. The set Mor d (V( fc ), W) of polynomial 
maps — > W of degree ^ d is a vector space with the natural action 
of GL^ + ^ by conjugation. It is easy to see that D is nothing but a sec- 
tion of Fr k+l (M) x GL " +l) Moi d (V^ h \ W). The general case is handled in 
the same way if one restricts from above the degrees of denominators, 
too. 

Example 3. Let V, W be vector bundles. Linear differential operators 
of order ^ k from V to W are geometric quantities taking values in 
V k (V, W) = Fr k+l {M) x GL " + ° (V^* <g> W). 

Example 4. Let T = T 1,0 be the tangent bundle of M. Consider 
the subbundle C C 'D 1 (T, T ® T*) consisting of homomorphisms V 
splitting the natural exact sequence: 

— >T ®T* — ► T {1) — > T — ► 0. 
v 

Sections V e T(C) act on vector fields as covariant derivations: in local 
coordinates, given a vector field = ^o+^jX^ + ■ • • in a neighborhood 
of z G M, we have 

V£(*) = V&t) + YlC^i),) = r* «9 fe ® d^" + ^ ® daJ'. 

Hence geometric quantities with values in C are linear connections 
on M. They are affine geometric objects of order 2. 

1.3. Natural operations. Natural differential operations on geomet- 
ric quantities are distinguished by the property that their coordinate 
expression is one and the same for any choice of local coordinates. This 
property may be reformulated as follows. 

Definition 2. A differential operation D : — > W is called natural 
if the respective map 5 : — > W of fibres at z 6 M does not depend 
on z and is GL^ fc+z - ) -equivariant (assuming that V, W have order ^ I). 

Since a natural differential operation D is uniquely determined by 
the map of typical fibres 5, it follows that D is naturally defined on geo- 
metric quantities of given type over any n-dimensional manifold. This 
observation leads to a functorial point of view on natural operations. 

For each type of geometric objects consider the respective functor 
of geometric quantities M T(M, J-) = r(jF), which associates with 
an n-manifold M the space of sections of T = $(M) — > M. It becomes 
a contravariant functor from M.an n to topological spaces, if we equip 
T(jF) with the topology of locally uniform convergence of sections and 
all their partial derivatives. 
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A natural operation D : V W — > W induces a natural transformation 
of functors: there is a commutative square 

r(M,v) — ^ r(M,w) 
r(M',v) — r(M / ,w), 

for every open embedding M' <^-> M. Conversely, under certain con- 
ditions a natural transformation of geometric quantities is given by a 
natural differential operation, by Peetre-type theorems jKMSl Ch. 5]. 

Algebraic natural operations are given by everywhere defined ratio- 
nal maps 5 : V {k) -> W that are equivariant with respect to the action 
of an appropriate algebraic group GL^ +l \ Thus the study of such op- 
erations is a purely algebraic problem belonging to the representation 
theory of algebraic groups and invariant theory. For this reason, we 
call our approach to algebraic differential operations the IT -reduction. 
(IT stands for "invariant-theoretic".) 

In this paper, we consider natural algebraic differential operations 
on tensor bundles. By the above discussion, they are in a bijective 
correspondence with polynomial (or, more generally, rational) maps 
6 : J { n ] ® V -> W that are GL n -equivariant and NGL^ fc+1 ^-invariant, 
where V, W are rational representations of GL n and GL^ c+1 - ) acts on 
V = V {k) in the natural way (cf. Lemma Q). 

Example 5. A classical example of a natural (algebraic) differential 
operation is the exterior differential d : T(Q m ) — > T(Q m+1 ), where 
Q m = /\ m T* is the bundle of exterior m-forms. The respective map of 
fibres 

5 : <g> /\ m K n * -> K n * © /\ m K n * -> /\ m+1 K n * 

is the canonical projection (ignoring the constant term) followed by the 
alternation: 

<%o ® yi A • • • A y m ) = d(y dy± A • • • A = y A y x A • • • A y m , 

Vy ,...,y m eK n *. 

Example 6. Lie derivative on a tensor bundle V may be regarded as a 
natural bilinear operation of order 1 from T x V to V. The respective 
map of fibres is 

5 : (K n © (K n * © K n )) x (y © (K n * © V)) -> V, 

(fo + £i, «o + «i) ^ p(6)^o - cr(6 ® 

where p is the tensor representation of gl n ~ K n * © K" in the typical 
fibre V, and <r denotes the contraction of K n with K n *. 

Other examples are curvatures of Riemannian metrics, etc. 
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1.4. Classical groups: representations and invariants. We recall 
some basic facts about rational representations of classical linear groups 
and classical invariant theory, which we use in the sequel. Our basic 
references will be |FHj . [VP . 

A partition is a weakly decreasing sequence of non-negative integers 
A = (Ai, . . . , A n ), Ai ^ . . . ^ A n ^ 0. The length of A is the number 
of Aj 7^ 0, and |A| = Ai + • ■ • + A n is the number partitioned by A. 
Fragments of the form d, . . . ,d (s times) in A are often written as d s . 
Omitting the non-negativity condition A n ^ yields the definition of 
a virtual partition. 

Let S A denote the Schur functor corresponding to a partition A. To 
any vector space V, it relates a subspace S X V C V®^ constructed 
as follows. We may assume that the tensor factors are indexed by 
the boxes of the Young diagram corresponding to A. Then 8 A V^ is 
obtained from V®^ by applying first the symmetrization in each row 
of the Young diagram, denoted Sym A , and then the alternation in each 
column Alt a- 

S X V is an irreducible polynomial GL(V)-module spanned by 

Mt x (vf x '®---®v® x "), vi,...,v n EV. 

Every rational GL(V)-module decomposes into a direct sum of irre- 
ducible submodules isomorphic to § A V £g> det d , d E Z. 

In our considerations it will be convenient to realize the irreducible 
rational GL n -modules as § A K n * ® det d . Such a module is determined, 
up to isomorphism, by a virtual partition A = (Ai, . . . , A n ), A; = A; — d. 
It contains unique, up to proportionality, eigenvectors with respect 
to the mutually opposite lower- and upper-triangular Borel subgroups 
B~, B + C GL n , namely 

= Alt A ((x 1 )®* 1 ® • • • ® {x n )® x ") , 
v+ = Alt A ({x n )® Xl ® • • • ® (x 1 )®^) , 

called lowest, resp. highest, weight vectors. Note that generates 
§ A K n * ® det d as a 5^-module. 

Similarly, the irreducible representations of SL n are realized in S A K n *, 
A n = 0. The irreducible representations of Sp n (n even) are parame- 
terized by partitions A of length I ^ n/2 and realized in the subspaces 

§<A) K n* c gA^n* spannec i by 

Alt A (yf Al ®--.®yf A 0, 

where yi,...,yi span an isotropic subspace in K n *. B ± R Sp n are 
mutually opposite Borel subgroups in Sp n , with highest /lowest vec- 
tors E §^K n *, provided that the symplectic form has secondary- 
diagonal matrix. 

There are effective formulae for decomposing certain tensor products. 
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Pieri formulae. 

S A K n * ® S k K n * ~ § y K n * as GL n -modules, 

A', |A'| = |A|+fc 
A ■ <^Aj" ^A - i -i 

1 2 + 1 

S w K n * <g> S fc K n * ~ §< A '>K n * as Sp ft -mod«tes. 

A',/i, |ju|=|A|— p 

IA'himI+a-p, pp 

In more visual terms, the Young diagrams of various A' are obtained 
from that of A by first removing p boxes from the right of some rows 
(p = for GL„) and then adding k — p boxes on the right of some rows 
in such a way that the horizontal positions of removed or added boxes 
do not overlap with those in other rows and with lower rows of A. 

The algebraic study of natural differential operations on tensor bun- 
dles involves polynomial maps between various tensor spaces which 
are equivariant with respect to classical groups. These maps can be 
described with the aid of classical invariant theory. 

Theorem 1. Let G be one of the classical linear groups GL n , SL n; 
O n , SO n , Sp n and V\, . . . , V s , W be tensor spaces over K n . Every G- 
equivariant polynomial map V\ x • • • x — > W is obtained by composi- 
tion and linear combination from the following basic tensor operations: 

(1) tensor product of elements of various Vi (maybe occurring repet- 
itively); 

(2) tensor product with basic G-invariant tensors, which are: the 
identity operator ( = the Kronecker delta), the co- and con- 
travariant skew- symmetric n-tensors det and det* (for G = 
SL n , SO n ), the co- and contravariant metric tensors to and to* 
(for G = 0„, SO„, SpJ; 

(3) (partial) contraction; 

(4) permutation of indices. 

Proof. The problem reduces to a description of polynomial functions on 
Vx x • • • x V s x W* that are linear with respect to W*. The assertion in 
this case stems from the symbolic method of classical invariant theory 
VP, 9.5]: it suffices to involve basic operations ((T}, (j2j), (jHJ) with basic 
tensors det, det*, u, u* (depending on G). Contractions involving only 
indices of W* correspond to tensor products with identity operators. 
Contracting indices of W* with those of Vx, . . . , V s , and basic tensors 
in various orders corresponds to (JH). □ 

2. FlNITENESS THEOREMS 

2.1. Reduction to multilinear case. We start the study of natural 
differential operations on tensor fields by some easy reductions. 
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Let V, W be tensor bundles with typical fibres V, W. An algebraic 
natural differential operation D : T(V) — > r(W) of order ^ k is given 
by a GL^ +1) -equivariant polynomial map 5 : V (fe) — > VF. Since GL^ +1) 
acts on the vector spaces linearly, the homogeneous compo- 

nents of 5 are equivariant maps, too. Thus it suffices to study homo- 
geneous operations, i.e., those D corresponding to homogeneous 5. 

Assume that D is homogeneous of degree degD : = deg<5 = d. The 
polarization of 5 yields a multilinear equivariant map 

5 : V (k) x • • • x V {k) -> W. 
v v ' 

d times 

(We denote it by the same letter, because the initial homogeneous map 
is the restriction of the multilinear map to the diagonal.) By decom- 
posing the GL n -modules V, W into irreducibles and by multilinearity, 
we reduce S to finitely many equivariant linear maps of the form 

(5) 5 : Vi k) ® ■ ■ ■ ® Vj k) -> W, 

where Vi, W are now assumed to be irreducible GL„-modules. In this 
case we say that the associated tensor bundles Vj, W are indecompos- 
able. Thus we have reduced (to a certain extent) the study of arbitrary 
algebraic natural differential operations between tensor bundles to the 
case of multilinear natural operations on indecomposable tensor bun- 
dles. 

Consider the map (jSJ). Since 

v} k) <g> ■ ■ ■ <8> vj k) = S^K n * <g> • • • <g> S' d K n * ® Vt ® • • • ® V d , 

h,...,l d ^k 

S decomposes into a sum of GL n -equivariant maps 

5 lu ...,i d : S h K n * ® • • • ® S ld K n * ® Vx ® - • • ® y d -»• W. 

For any irreducible GL n -module i7 = § A IK n * det p corresponding to 
a virtual partition A = A — (p n ), put |[/| = |A| = |A| — np. 

Lemma 2. Suppose 5« lv ..,z d 7^ 0; £/ien ij + • • • + 1^ = \W\ — \Vi\. 
In other words, every natural multilinear differential operation on in- 
decomposable tensor bundles is homogeneous with respect to the total 
order of derivation. 

Proof. Consider the subgroup of homotheties 1K X C GL n . For any 
irreducible GL n -module U we have: t ■ u = t~^ u ^u, Vt G K x , u E U. 
Now the lemma stems from the K x -equivariance of t i d - D 

2.2. Finiteness. Now we prove two general finiteness results. The 
first one is easy. 

Theorem 2. Given two tensor bundles V, W, the differential order of 
an algebraic natural operation D from V to W is 0(degD). 
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Corollary (cf. |Kjl §4]). Natural algebraic differential operations of 
degree ^ d between two given tensor bundles form a finite-dimensional 
space. 

Proof. The polarization and decomposition of V, W into indecompos- 
ables reduces the problem to the case where D : T(Vi) x • ■ ■ x T(Vd) — > 
r(W) is a multilinear operation on indecomposable tensor bundles. 
Now by Lemma|21 the order of D is maxjlj} (over (7 1; . . . , l^) such that 
S h ,...,i d + 0) ^ \W\ - £ \Vi\ < \W\ + d ■ max{-|^|} = 0(d). □ 

The second result is much stronger. 

Theorem 3. Given a tensor bundle V and two positive integers k, d, 
there exist finitely many indecomposable tensor bundles Wj and natural 
operations Di : V^ k ' — > Wj of degree ^ d in partial derivatives such 
that every natural operation D : yw — > yy f degree ^ d in partial 
derivatives is represented as 

Dv = Yj$ip{DiV®v m ), WveTiV), 

i.p 

where : Wj <S> S P V — > W are natural linear maps (i.e., composi- 
tions of contractions, permutations of indices, tensor product with the 
identity operator, and linear combinations, by Theorem^). 

Proof. Passing to jets, we may reformulate the assertion as follows: 
there exist finitely many irreducible GL n -modules Wi and GL^ fc+1 - ) -equi- 
variant polynomial maps 

k 

S i ; v {k) = S*K n * <g> V -> Wi 

1=0 

of degree ^ d in the coordinates of 

k 

i=i 

such that every GL^^-equivariant polynomial map 

S : _> W of 

degree ^ d in V+ is of the form 

5{v) = ®i P (Si(v) ® O, Vv = v + v + e = V © vf \ 

where : Wi Cg> S P V — > W are GL n -equivariant linear maps. The 
-equivariance condition means that the maps are GL n -equivari- 
ant and NGL^ +1) -invariant. 

All polynomial functions on of degree ^ d in V+ form a free 

S'V-module S'V*®Mor d (vl k) , K) of finite rank. The NGL^ +1) -invari- 
ant functions form a GL n -stable submodule .M. Clearly, operations of 
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order ^ k and degree ^ d in partial derivatives are identified with GL„- 
fixed elements of M. ® W or GL n -equivariant linear maps W* — > A4. 

As a submodule of a Notherian module, M. is finitely generated. 
Choose finitely many Si : W* — > .M whose images generate .M as 
an S*V*-module. By complete reducibility of GL n -modules, every S : 
W* — > M lifts to a GL n -equivariant linear map W* — > @S'V* <g> W* 
along the module epimorphism ® S'V"* ® — > M.. The component 
mappings W* — > S P V* ® are nothing but $* p . □ 

3. Linear natural operations 

In this section we deduce the known classification of natural linear 
differential operations on tensor bundles in a short and conceptual way 
using our algebraic approach (the IT- reduction). Apparently, the ex- 
terior differential is essentially the unique such operation. 

Theorem 4. Every natural linear differential operation of order > 
on tensor bundles is obtained from the exterior differential by composi- 
tion with tensor operations ( contraction, permutation of indices, tensor 
product with the identity operator) and linear combination. 

Remark. This theorem is usually referred to as the Schouten theorem, 
although Schouten just formulated it in 1951 without proof. It was 
proved for differential forms by Palais (1959), for arbitrary covariant 
tensors by Leicher (1973), and in full generality by Rudakov (1974), 
Chuu-Lian Terng (1976), and Kirillov (1977), see [Ki|. For operations 
of order 1, a proof based on the IT-reduction was first obtained by 
Smirnov [Sm . 

Proof. Let V, W be two tensor bundles with typical fibres V, W. A 
linear differential operation D : V^ k > — > W is determined by a GLn- 
equivariant linear map 5 : V^ k ' — > W which vanishes on ng[ n fc+1 > ■ V™. 
Without loss of generality we may assume that V, W are indecompos- 
able. (Injections and projections onto indecomposable summands are 
given by tensor operations.) 

We prove that S fc K"* <g> V C Ker 5 unless k = 1, V ~ f\ m K n *, m < n. 
It suffices to show that £ • v span S k K n * <g> V for some £ G ngl£ +1 \ 
v G V( k '. Suppose that V = S x K n * ® det d corresponds to a virtual 
partition A = A — (d n ). 

If k > 1, then S k K n * <g> V is spanned by £ • v, £ = £ fe G S fc K n * <g> K n , 
u = ui G K"* <g> V. Indeed, take 

£ = (x*) fe ®ej, w = x i (g>^, 

where e±, . . . , e n are the standard basic vectors of K n . (Here and below 
in the proof, we do not sum over i.) By @ we have 

£. v = -(kXi + lXx^^v^. 
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For i = n, £-v generates S fc K n * (giV as a GL n -module, because it is the 
product of a highest and a lowest weight vectors. 

If k = 1, then we are left with f G S 2 K n * (g K™, v G V. Take 

£ = (x 1 ) 2 (g) 6,, f = £ • i> = -2AiX* (g) f^. 

If A n 7^ 0, then we conclude as above. Otherwise suppose Ai > 1. Put 

i' -v — —Xixi (g v — x % (g v', 
£ • v ' — —2(Xi — \)x l (g v', where 



V' = Alt A ((^T Al • • • (z < )® P ~ 1 ® ^' ® (^)® Al_P • • • (X") 0A ") . 
p=l 

For i = 1, j = n, we obtain x™ (g f ^ G Ker 5 and conclude as above. 
We are left with the case k = 1, V — /\ m K n *, m < n. Here 

K n * ®V = f\ m+1 K n * © § (2 ' im_1) K"*. 

All £ • -y are killed by Altnm+i), hence span the 2-nd direct summand. 
The unique natural operation, given by the projection Altnm+i) onto 
the 1-st summand, is the exterior differential, cf. Example □ 

Remark. It would be interesting to reproduce by this method the clas- 
sification of natural bilinear differential operators obtained by Groz- 
man |Grl| . However the computations here will be more involved. 



4. Natural operations on symplectic manifolds 

4.1. Geometric structures. Manifolds are often equipped with ad- 
ditional geometric structures, and it is important to study differential 
operations that are "natural" with respect to these structures. There 
are several possible ways to formalize these concepts. Here we adopt 
the following one. 

Definition 3. A type of geometric structures is a functor on M.an n 
associating with each n-manifold M a subsheaf A = A(M) in the sheaf 
of sections of a natural bundle T —> M so that, for any open embedding 
M' > M, A(M') is the pullback of A(M). A geometric structure (of 
given type) is a section a G T(A). 

Remark. As a rule, A consists of sections satisfying a certain natural 
differential equation. 

Example 7. A Riemannian structure is given by a section of a natural 
bundle (S 2 T*) + of positive quadratic forms on tangent spaces (K = M). 

Example 8. A symplectic structure is a section of 
A = {to G r((fi 2 ) rcg ) | dcu = 0}, 
where (fi 2 ) reg is a natural bundle of non-degenerate 2-forms. 
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Example 9. A Poisson structure is a section of 

A={(3eT(/\ 2 T)\[f3 J (3] = 0}, 

where [/3, 0\ = (3 lj di(3 kl dj A d k A di is the Schouten bracket. 

Definition 4. A natural differential operation on manifolds with a 
geometric structure of type A is a natural operation (in the sense of ll.3|) 

D : r(V) x T(A) -> T(W), 

where V, W are natural bundles. 

In other words, Dv depends on v and a (as a parameter), and on 
their partial derivatives (up to a certain order) in a way independent 
of chosen local coordinates, where v and a are (local) sections of V 
and A, respectively. 

Example 10. The covariant differential on tensor fields is a natural 
operation on Riemannian manifolds. The Poisson bracket of functions 
is a natural operation on symplectic or Poisson manifolds. 

Alike ordinary natural differential operations, those on manifolds 
with an additional structure are uniquely determined by their action 
on jets: 

5 : V {k) x A {1) -> W, 
where A"> C F"> is the space of jets (at some point) of local sections 
from A, and 5 is GL^-equivariant for an appropriate r. 

In the presence of an additional geometric structure, the group of 
coordinate transformations, which must preserve the coordinate ex- 
pression of a natural operation, often can be reduced by the following 
standard invariant-theoretic trick. 

Definition 5. Suppose a Lie (or algebraic) group G acts on a manifold 
(algebraic variety) X and H C G is a Lie (algebraic) subgroup. An in- 
stable submanifold (subvariety) Y C X is said to be a (G, H) -section 
if the natural map Gx^V-i-Xisaii isomorphism. 

The significance of this notion is that G-invariant maps of X are in 
a bijective correspondence (by restriction to Y) with if-invariant maps 
ofY. 

In particular, for some important geometric structures it happens 
that A® admits a (GL^, G^) -section A$ for some subgroup G^ C 
GL^. Therefore natural differential operations are in a bijective cor- 
respondence with G^-invariant maps 

5 : V {k) x J$ -> W. 

Example 11 ( |Kal §3]). The space of fc-jets of Riemannian metrics 

k 

A {k) = {S 2 R n *) + © S l R n * ® S 2 R n * 
i=i 
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admits a (GL^ +1) , GL n ) -section 

k 

4 fe) = (S 2 M"*) + ©0KerSym /+1 , 

1=2 

where Sym J+1 : S l R n * <g> S 2 R n * -> S l+1 W n * ® M n * is the symmetrization 
in the first / + 1 indices. In fact, KerSym /+1 ~ S^' 2 )]R n *. Moving a 

(k) 

metric to A by a coordinate transformation corresponds to writing 
the metric in geodesic coordinates with center at given point. 

4.2. Symplectic structure. Jets of symplectic structures form a ho- 
mogeneous space, i.e., one may take just one point for a section, by the 
Darboux theorem. It is instructive to give a purely algebraic proof of 
this fact in the spirit of this paper. 

Formal Poincare Lemma. The De Rham complex 

U S l K n * ® /\ m K n * S' _1 K n * <g> /\ m+1 K n * ■ ■ ■ 

is exact. 

Proof. By the Pieri formulae, we have 

S'K n * ® /\ m K n * ~ §a+ 1 - im " 1 )K n * © S (ym) K n *. 

(In fact, S(' +1 ' im_1 )K n * C S l K n * © /\ m K n * and & l > im *>K n * embeds as 
KerSym l+1 .) The map d : S l K n * ® /\ m K"* -> S' _1 K?** © A™ +1 K n * is 
nothing but the alternation in the last m+1 indices. It maps 
isomorphically into S^K™ ® /\ m+1 K n *, while its kernel S^ 1 ' 1 "" 1 ^* 
is exactly the image of S l+1 K n * © /\ m-1 K n *. □ 

Formal Darboux Theorem. Every jet u(x) = u + oj\(x) + • • • + 
ujk(x, . . . , x) G Jn fc ^ <8> /\ 2 K n * swc/i £/iat cj is non- degenerate and duj — 
is GL^f 4 " 1 -* -equivalent to uj . 

Proof. We shall successively kill the non-constant terms of u; by trans- 
formations x i— ► = x+(7 2 (a ; , a?)+- • -+gk+i(x, ■ ■ ■ ,x) from NGL^ ! fc+1 ' ) . 
Arguing by induction on k, we may assume that uji = 0, < I < k. 
Take g e NGL<J +1) such that ^ = 0, 2 < Z < k. Using Lemma □ and 
its corollary and adopting the notation therein, we have 

(g ■ u){x) = u(x) + (k + l)p(g k+1 (x, ...,x, -))u 

= u(x) + (k + l)j{g k +i © u ) = uj{x) + d(g k+1 * u ), 

where (•) * a>o is the lowering of the upper index by contraction with 
cuo in its 2-nd index. Thus u k may be shifted by an arbitrary vector in 
the image of 

S fc+1 K n * ® K™ S fe+1 K™* ® K n * S k K n * © /\ 2 K n *. 

By the formal Poincare lemma, the image consists of all (jets of) closed 
forms. Hence u k may be shifted to 0. □ 
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Acting by GL n we may obtain that Uq be the standard symplectic 
form on K n such that 

{1, i + j = n+l,i<j, 
-1, i + j = n+ 1, i > j, 
0, otherwise. 

We identify K n with IK n * by lowering the indices. The symplectic form 
cg>q on K n * induced from Uo is given by uJq(x 1 , x j ) = co> (ej, 

The stabilizer of ujq in GL^ is the group Sp^ of fc-jets of sym- 
plectomorphisms K n — > K n at 0. It has Levi decomposition Sp^ = 
Sp n X NSp^ , with the unipotent radical NSpjJ) = NGL^ fc) n SpjJ } . Let 
us describe the Lie algebra spn of Sp^. 

Lemma 3. f G sp^ & * w G S m K"*, V/ = (in 

particular, ^ G sp ny ) 

Proof. By the corollary of Lemma ^ 

£-^o = d(£*u; ) = ^2d(^*uj ) = <=^ d(6*^o) = 0, VZ = l,...,k. 
i=i 

We have ^ * w G S'K n * ® K n * ~ S m K n * © S^K"*, and the 1-st 
summand is exactly Ker d. □ 

By the above reasoning, natural differential operations on symplectic 
manifolds are given by Sp^-equivariant maps 

Remark. Another approach to natural differential operations on sym- 
plectic manifolds is to extend the notion of geometric objects by con- 
sidering fibre bundles T = SFr fc (M) x Spn F associated with the sym- 
plectic coframe bundle SFr fc (M) — > M of order k. The latter consists 
of fc-jets of symplectic coordinate systems transforming the symplectic 
form wonM into the standard symplectic form Uq on K n . Note that F 
is acted on only by Sp^, not GL^, but if the action extends to GlJ£\ 

then T ~ SFr fe (M) x s p» ' GL^ fc) x GL - ' F ~ Fr fc (M) x GL ™ ' F is a natural 
bundle in the sense of 11.11 

Now natural differential operations D : T(V) — > r(W) are defined as 
those having one and the same expression in all symplectic coordinate 
systems. This is equivalent to the map of jets 5 : — > W be Sp^- 
equivariant. 

4.3. Linear operations. Now we describe linear natural differential 
operations on symplectic manifolds in a way similar to Section 01 The 
classification of such operations, straightforward via our approach, was 
first obtained by Rudakov |Ruj in a rather indirect way from the study 
of irreducible representations of certain infinite-dimensional Lie alge- 
bras. 
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On symplectic n-manifolds, the natural isomorphism Q m ~ Q m * al- 
lows to define the differential operation d* : T(Q m ) — > r(fi m_1 ) con- 
tragredient to d : r(f2 m ~ 1 ) — > T(fi m ). Actually d* is the composi- 
tion of d : r(O n_m ) — > r(fi n_m+1 ) with the natural isomorphisms 
fi m ~ fi m * ir~ m and fi n " m+1 (fi" 1 - 1 )* ~ tt m - 1 given by 
tensor operations. 

Theorem 5. Every natural linear differential operation of order > 
on tensor bundles over symplectic manifolds is obtained from the exte- 
rior differential d and the symplectic Laplacian dd* by composition with 
tensor operations ( contraction, permutation of indices, tensor product 
with the symplectic form uo or the dual bivector uj*) and linear combi- 
nation. 

Proof. Similarly to the proof of Theorem it suffices to classify Sp„- 
equivariant linear maps 5 : — > W which vanish on nspn ■ 
where V, W are irreducible Sp n -modules. Assuming V = §^K"*, we 
prove that S k K n * <g> V C nspi fc+1) ■ V® C Ker 5 unless A = (l m ), k < 2. 

Recall that, by LemmaEl we may identify 0^ S' +1 K™* with nspl fc+1) 
by raising an index by contraction with in its 1-st index. 

If ife > 1, Ai ^ 1, then S k K n * g> V is spanned by S fe+1 K n * • (K n * <g> V). 
Indeed, take 

f = + l)x 1 (x") fc , v' = a: n ®T£; 

then by Q we have 

f • u = (x n ) fc <g> t>~ + A;x 1 (x n ) fc ~ 1 ® v, 
£' . „' = (jfeAi - l)(x n ) fc ® ^ + fc(A; - l)^")* -1 ® v, where 

Ai 

u = Alt A ((ar 1 )®" -1 ®x n ® (ar 1 )®* 1- * ® (x 2 )® Aa • • • ® (x n/2 )® A "/2) . 
p=i 

We obtain fe(A x - l)x n ® e S fc+1 K n * • (K n * ® \/). Since A x ^ 1, this 
vector generates S fc K n *® V as an Sp n -module, because it is the product 
of a highest and a lowest weight vectors. 
In the case k = 1 or Ai = 1, take 

C^Sx 1 ^ 71 ) 2 , u = (x n ) fe - 1 ®i;^, 

^' = 3( x i)V, v' = (Z)*- 1 ® u; 

then 

£ • u = (2Ai + 1 - k){x n ) k ® ^ + 2x 1 (a;") fe ™ 1 ® u, 
£' . = -2Ai(a; n ) fe ® ^ + 2(Ai - 1 - k)x 1 {x n ) k ~ 1 ® u. 
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We derive that {X 1 + l-k)(2X 1 -l-k){x n ) k ^)v- £ S 3 K n *-(S fc_1 K n * ® 1/). 
As above, this vector is nonzero and generates S fc K n * © V as an Sp n - 
module unless k ^ 2, Ax ^ 1. 

We are left with the case A = (l m ), k ^2. For = 1, we have 

K n * <g> V ~ § (im_1) K n * © § (im+1) K n * © § <2 ' im_1) K n *. 

The projections onto the first two summands correspond to d* and (i, 
respectively, while the 3-rd summand is exactly S 3 K n * • V. 
For k = 2, we have 

S 2 K n * © V ~ §< im >K n * © §< 2 ' im ~ 2 >K n * © §< 2 ' 1?n >K n * © §< 3 ' im_1 >K n *. 

It is easy to verify that the last 3 summands are in S 3 K n * • (K n * © V) . 
Indeed, for % < n we have 

(x 1 ) 3 • (x i © (x n A x 2 A • • • A x m )) = -2xV © (x 1 A • • • A x m ) =: w. 

For z = 1, w is a lowest weight vector of S 1 ! 3 ' 1 " 1 ^K n *. For i = m + 1, 
the invariant projector AlWim) maps w to a lowest weight vector 
(-l)^ 1 ^ 1 © x 1 A ■ • • A x m+1 G §< 2 - im >K n *. For % = n + 1 - m, another 
invariant projector, namely the contraction with in, say, the first and 
last indices, maps to to a lowest weight vector x l © x 1 A • • ■ A x m ~ l £ 
Since these irreducible modules occur in S K™* © V ex- 
actly once, they are in S 3 K n * ■ (K n * © V) by the Schur lemma. The 
projection onto the remaining 1-st summand corresponds to dd*. □ 

Remark. Natural bilinear differential operators on symplectic manifolds 
were partially classified by Grozman |Gr2j . It would be interesting to 
complete the classification using our methods. 

5. Deformation quantization 

In this section, we address the problem of existence of a natural 
deformation quantization on Poisson manifolds. Let us recall the notion 
of deformation quantization. 

Given a Poisson manifold M with a Poisson bivector (3 £ T(M, f\ 2 T) 
(cf. Example EJ), the sheaf O of differentiable functions on M comes 
equipped with the Poisson bracket {/,<?} = (3(df,dg) = dif djg. A 
deformation quantization is an associative product * on the sheaf 0[[e}] 
of formal power series with coefficients in O that is K[[e]]-linear with 
respect to infinite formal sums and is defined on O by a formula 

(6) f*9 = fg + e{f, g} + --- + e m p m (f, ») + •■■, 

where j3 m (m = 1,2,...) are bilinear differential operators. The *-prod- 
uct may be considered as a non-commutative deformation of the usual 
commutative product of functions, e being the parameter of deforma- 
tion, so that the 1-st order term of / -k g — g* f is 2{f,g}. Deformation 
quantization is one of possible approaches to mathematical foundations 
of quantum mechanics jBFFLS . 
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Several constructions of a deformation quantization for a given Pois- 
son structure are known: by Moyal, by De Wilde-Lecomte jWLj, by Fe- 
dosov [Fte], |EWj . by Kontsevich |Koj . etc. But all of them involve some 
additional geometric structure on a Poisson manifold: affine structure, 
linear connection, etc. A natural question arises: does there exist a 
canonical deformation quantization given by one and the same univer- 
sal formula for all Poisson manifolds? In terms of this paper, this may 
be reformulated as follows: does there exist a ^-product (jBJ) such that 
its terms (3 m are natural differential operations on Poisson manifolds 
in the sense of Definition 0p We answer this question negatively. 

Theorem 6. There exists no natural deformation quantization on Pois- 
son manifolds. 

Proof. First we prove the theorem for symplectic manifolds. In the 
symplectic case, f3 = uj* is the bivector dual to the symplectic form u. 
The operations [3 m are determined by the respective bilinear maps of 
jets 

P m : ® J« - K, 

which must be Sp^-equivariant, r ^ max{k,l}. 

Since S fc K n * are pairwise distinct self-dual irreducible Sp n -modules, 
a non-zero Sp n -invariant linear map S fc K n * <S> S'K n * — > K exists (and is 
then given by the full contraction with (u^)®* 1 , up to proportionality) 
ifffc = Z. 

However, if A; > 1, then the unique trivial irreducible factor IK ■=— > 
S fc K n * ® S k K n * is in Ker (3 m . Indeed, consider the action mph : 
Jn <8> J$ . In particular, we have 

Put £ = 3(x 1 ) 2 x n , v = (x 1 ) h ~ 1 ® (x n ) k ; then 

£-v = (k - l){x 1 ) k <g> (x n ) fc - 2A;(x 1 ) fe - 1 <g> x 1 (x n ) fe 

has a non-zero projection to K, whence K C S 3 K n * • (S fe_1 lK n * (g)S fc lK n *). 

Since (3 m is NSp^ -invariant, Ker/3 m ~D nspn^ ■ (Jn^ (g> Jn. ), whence the 
claim. 

It follows that (3 m is a linear combination of the usual multiplication 
K ® K -> K and the Poisson bracket K n * ® K n * -> K. However, it 
is easy to see that these two operations cannot be combined into an 
associative ^-product: in fact, the associativity will be violated already 
at order 2 (i.e., in the coefficient at e 2 ). 

Now it is obvious that a natural quantization cannot exist on Poisson 
manifolds of even dimension, because otherwise it would restrict to a 
natural quantization of symplectic manifolds as a particular case. 

On a Poisson manifold M of odd dimension, the Poisson structure (5 
is always degenerate. However, an open subset of M where rk (3 = max 
has a foliation with symplectic leaves. If we trivialize this foliation in a 
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neighborhood of a point and consider functions depending only on the 
coordinates along the leaves and coordinate transformations which do 
not involve the remaining coordinates, then a natural quantization on 
M would restrict to a natural quantization of the symplectic leaves, a 
contradiction. □ 

Remark. Theorem El is a deformation quantization analogue of the 
Van Hove theorem in the theory of geometric quantization |Hu| 5.2.2], 
cf. jXTj. 
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